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We study cosmological perturbations and observational aspects for mutated hilltop model of infla-
tion. Employing mostly analytical treatment, we evaluate observable parameters during inflation as
well as post-inflationary perturbations. This further leads to exploring observational aspects related
to Cosmic Microwave Background (CMB) radiation. This semi-analytical treatment reduces com-
plications related to numerical computation to some extent for studying the different phenomena
related to CMB angular power spectrum for mutated hilltop inflation.
PACS numbers: 98.80.Cq; 98.80.-k
I. INTRODUCTION
The most striking aspect of cosmological inflationary scenario [1] is that they provide natural explanation for the
origin of cosmological perturbation seeds for structure formation leading to a nearly scale-free power spectrum which
is in tune with direct observational evidence from Cosmic Microwave Background Radiation (CMB) [2, 3] and Large
Scale Structure Formation [4]. The form of the primordial perturbations seems to explain the observed temperature
anisotropy in the CMB [2, 3].
Recently we have proposed a variant of hilltop inflation, namely, mutated hilltop inflation [5], in order to explain
the early universe. The analytical expressions for most of the observable parameters have been obtained. However, as
pointed out in that paper, the expression for the ratio of the tensor to scalar amplitudes does not exactly conform with
the usual consistency relation r = −8nT [6]. In the present article, we have tried to search for a possible explanation
for the same by deviating slightly from perfect de-Sitter approximation right from the beginning. This turns out
to be a complimentary approach of the previously employed approaches of obtaining modified consistency relation,
such as, when higher order terms of the slow roll parameters are taken into account [7–9], if tensor to scalar ratio is
expressed as a function of tensor spectral index, scalar spectral index and running of the tensor spectral index [10], if
generalized propagation speed (less than one) of the scalar field fluctuations relative to the homogeneous background
is considered [11–13] and the likes.
The advent of highly precise data from the observational probes like COBE [14], WMAP [2] and the forthcoming
Planck [15] has made the task for the development of the framework of post-inflationary perturbation more difficult
in order to met up with challenges both from building up a theoretical framework of post-inflationary perturbative
technique and from confronting the theory with observations more precisely. This usually leads to employ direct
numerical techniques by exploiting highly sophisticated numerical codes like CAMB [16]. Of course, one has to rely
on numericals at some point while performing data analysis from WMAP [2] but it is always better to see how far one
can go analytically, which may sometime lead to deeper physical insight as well. This is the primary motivation for
employing semi-analytical treatment for perturbations in our typical model of inflation, viz. mutated hilltop inflation.
To this end, we mostly employ the framework of post-inflationary perturbations developed by Mukhanov (for an
useful review see [17]) and obtain analytical results for CMB power spectrum for our typical model. This will in turn
help us reduce numerical complications to a great extent for our model.
II. QUANTUM FLUCTUATION AND ORIGIN OF INHOMOGENEITIES
The standard theory of cosmological perturbations is based on the formalism developed in [18]. To study the
quantum fluctuations and subsequent classical perturbations for mutated hilltop inflation let us directly refer to [5]
where the inflationary potential has the following form
V (φ) = V0 [1− sech(αφ)] (2.1)
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2This represents a single scalar field driven inflationary potential and falls in the wider class of hilltop inflation [19].
A. Curvature perturbation
The expression for comoving curvature perturbation is acquired by solving the well knownMukhanov-Sasaki equation
[20] and in the slow-roll approximation we obtain
Rk ≈ − α
√
V0
MP
√
3
|η|e−ikη√
2k
(
1− i
kη
)
A(η) (2.2)
where A(η) ≡ ln
(
a1M
−1
P
√
V0
3 |η|
)
. Therefore the dimensionless spectrum for Rk turns out to be
PR(k) =
α2V0
12pi2M2P
(1 + k2η2)A(η)2 (2.3)
Evaluating the spectrum at horizon crossing, using the de-Sitter approximation k = aH = −η−1 we obtain
PR(k)|k=aH = α
2V0
6pi2M2P
A(η)2 (2.4)
But in adopting exact de-Sitter relation at horizon crossing we are discarding the effect of the evolution of the scalar
field. In what follows we shall pursue a non trivial path. We first note that for the inflation model under consideration
at the time of horizon crossing,
1 + k2η2 ≈ 2− 1
α2
√
V0
3 MP (d− t)
(2.5)
which is slightly different from the usual de-Sitter relation 1 + k2η2 = 2. Eqn.(2.5) shows that there will be direct
effect of the evolution of the scalar field on the observable parameters when they are evaluated at horizon exit. Our
approach is a bit similar to [11], where variable speed of the scalar field fluctuations have been taken into account for
evaluating observable quantities at horizon exit. Following this trail the power spectrum turns out to be
PR|k=aH = α
2V0
12pi2M2P
[
2− α
−2M−2P
A(η)
]
A(η)2 (2.6)
Comparison of the Eqns.(2.4) and (2.6) shows that the correction term indeed has some significant role from theoretical
aspects. We may now re-derive all the allied expressions for the observable quantities in a more accurate way. The
expression for the scalar spectral index is now given by
ns = 1−
[
4A(η)− α−2M−2P
2A(η)2 − α−2M−2P A(η)
]
(2.7)
We have also succeeded in calculating the running of the spectral index which turns out to be
dns
d ln k
|k=aH = −
[
8A(η)2 − 4α−2M−2P A(η) + α−4M−4P(
2A(η)2 − α−2M−2P A(η)
)2
]
(2.8)
Clearly, though the quantity within the parentheses is quite small still gives a nonzero value resulting in a negative
running of the spectral index consistent with WMAP3 data set.
B. Tensor fluctuation
The tensor modes representing primordial gravitational waves, obtained in a similar way as the scalar modes and
the corresponding spectrum is given by
PT |k=aH = V0
3pi2M4P
[
2− α
−2M−2P
A(η)
]
(2.9)
3α a1 P
1/2
R ns r
M
−1
P M
−1
P
2.9 6.7091 × 1025 3.77624 × 10−5 0.96088 1.81759 × 10−4
3.0 6.6492 × 1025 3.90592 × 10−5 0.96088 1.69903 × 10−4
3.1 6.5945 × 1025 4.03766 × 10−5 0.96087 1.59170 × 10−4
TABLE I: Table for the observable quantities as obtained from the theory of fluctuations
As expected, the spectrum for the tensor modes is also modified in this approach. The corresponding spectral index
turns out to be
nT = − 1
α2M2P
[
1
2A(η)2 − α−2M−2P A(η)
]
(2.10)
From Eqns.(2.9) and (2.6) we arrive at the expression for the ratio of tensor to scalar amplitudes, given by
r = 4
α−2M−2P
A(η)2
(2.11)
We shall use this expression in calculating r and subject it to observational verification (r < 0.1) [3].
Combining Eqns.(2.11) and (2.10) we obtain a vital relation between tensor spectral index nT and the tensor to
scalar amplitude ratio r as,
r = −8nT
(
1−
√
r
4αMP
)
(2.12)
The spectrum PT|k=aH of tensor perturbation conveniently specified by the tensor fraction r =
PT |k=aH
PR|k=aH yields the
relation r = −8nT in the slow-roll approximation [6, 21]. But Eqn.(2.12) shows that when the explicit effect of
the scalar field evolution is taken into account in evaluating the observable parameters at horizon exit we obtain
a consistency relation which is slightly modified. Of course, there exist in the literature other ways of obtaining a
modified consistency relation. Such a modified consistency relation can be found in any analysis where higher order
terms in the expansion of slow roll parameters are taken into account [8, 9]. The consistency relation is also modified
in the context of brane inflation [11, 12] and non-standard models of inflation [13] where generalized propagation
speed (less than one) of the scalar field fluctuations relative to the homogeneous background have been considered.
Further, deviation from the usual consistency relation can be found in [10] where tensor to scalar ratio has been shown
to be a function of tensor spectral index, scalar spectral index and running of the tensor spectral index. Our approach
is somewhat similar to these.
Finally, we estimate the observable parameters from the first principle of the theory of fluctuation as derived in
this section for three sets of values of α and tabulate it in Table I. From the table it is quite clear that the observable
parameters related to perturbations, are in excellent agreement with observational data.
III. POST-INFLATIONARY EVOLUTION OF PERTURBATIONS
Now to relate the initial perturbation seeds with cosmological observables we study post-inflationary evolution of
these perturbation proceeding analytically as far as possible from our specific model.
While a perturbation mode re-enters the horizon during matter dominated era, we obtain the approximate solution
for the fluctuations in the gravitational potential from the relation
Φk ≈ −3
5
Rk (3.1)
It should be pointed out that Eqn.(3.1) is an approximate solution for the gravitational potential so that we can
neglect contributions from smaller scales spatial gradient. Still qualitative information about the evolution of Φ in
the large scale regime is transparent. Using the near constancy of Rk in the superhorizon scales [22], we obtain an
approximated expression for the comoving curvature perturbation and for our typical model at horizon reentry during
matter domination this turns out to be
Rk ≃ α
MP
√
V0
3
i√
2k3
B(k) (3.2)
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FIG. 1: Sachs-Wolfe plateau
where B(k) ≡ ln
(
2a1M
−1
P
√
V0
3 k
−1
)
. So the fluctuation modes of the gravitational potential, entering the horizon
during the matter dominated era, are given by,
Φ|k=aH ≈ − 3α
5MP
√
V0
3
i√
2k3
B(k) (3.3)
From the above expression it is apparent that in this model the gravitational potential is not strictly scale invariant,
but has a slight scale dependence with a mild running as expected.
Using Eqn.(3.3), the spectrum of the matter density contrast can be found from Poisson equation, turns out to be
Pδ|k=aH ≈ 16α
2V0
75pi2M2P
B(k)2 (3.4)
and the corresponding spectral index and the running are respectively given by
nδ ≈ 1− 2B(k)−1, n
′
δ ≈ −2B(k)−2 (3.5)
Eqn.(3.5) shows that the spectral index is not exactly scale invariant, it has a small negative tilt with negative running.
The fluctuations produced during inflation are scale dependent as is evidenced in Section II and this is reflected
in the matter spectrum. As a consequence, we obtain negative scalar spectral tilt and negative running of the scalar
spectral index for the matter power spectrum for our model.
IV. TEMPERATURE ANISOTROPIES IN CMB
Let us now proceed further with the analytical treatment and discuss the CMB angular power spectrum resulting
from temperature anisotropies due to scalar curvature perturbations for our typical inflationary model. The dominant
contribution to the large scale CMB anisotropy comes from the Sachs-Wolfe effect [23]. In the sudden decoupling
approximation for adiabatic perturbation, the assumption of complete matter domination at last scattering provide
us the Sachs-Wolfe spectrum for the typical model of our consideration, which is approximately given by
CSWl ≈
α2V0
75piM2P
(
ln
[
a1M
−1
P
√
V0
3
2η0
l
])2
1
2l(l+ 1)
(4.1)
Here η0 is the present dimensionless comoving distance to the last scattering surface.
Figure 1 shows variation of angular power spectrum for Sachs-Wolfe effect l(l+1)2pi C
SW
l with the CMB multipoles l in
units of µK2, where we have taken the following representative values for the quantities involved: V
1/4
0 = 1.4×10−3MP ,
α = 3.0M−1P , a1 = 6.6492 × 1025M−1P and η0 = 7.42438 × 1026. Figure 1 reveals that the Sachs-Wolfe plateau is
not exactly flat but is slightly tilted towards larger values of l. This is not surprising, since the primordial curvature
perturbation in mutated hilltop inflation is not strictly scale-invariant.
In the smaller scales CMB spectrum is dominated by acoustic oscillation of the baryon-photon fluid. The approxi-
mate solution to the acoustic oscillation equation [24, 25]for our case turns out to be
1
4
δγk ≈ −(1 +R)Φk + 1
2
T 0kΦ
0
k cos(krs) (4.2)
5where rs ≡
∫ η
0 cs(η)dη, cs is the sound speed, R =
3ρb
4ργ
, Φk ≡ − 35TkRk is the small scale solution of the gravitational
potential with Tk being corresponding transfer function and we have defined
Φ0k ≡ −
2α
3MP
√
V0
3
1√
2k3
[
ln
(
a1M
−1
P
√
V0
3
k−1
)]
(4.3)
to be the initial gravitational potential fluctuation and T 0k is the associated transfer function. The expression for the
photon velocity perturbation Vγk is then given by
Vγk ≈ 3cs
2
T 0kΦ
0
k sin(krs). (4.4)
So the CMB angular power spectrum for our typical model turns out to be [17]
Cl ≈ 4piPΦ0
∫ ∞
0
[
C −D cos(ρlx) + E cos2(ρlx) + F
(
1− l(l + 1)
l2x2
)
sin2(ρlx)
]
j2l (xl)
dx
x
(4.5)
here x = kη0l , and the functions in the integrand are defined as follows:
C ≡ 81
100
R2T 2(x)e
− l2x2
l2
f , D ≡ 9
10
RT (x)T 0(x)e
−1/2 l2x2
l2
f
+l2s , E ≡ 1
4
T 0
2
(x)e
− l2x2
l2s , F ≡ 9
4
c2sT
02(x)e
− l2x2
l2s ,
l−2f ≡ 2σ2(
ηLS
η0
)2, l−2s ≡ 2
[
σ2 + (kDηLs)
−2] (ηLS
η0
)2, ρ ≡ 1
η0
∫ ηLS
0
csdη, σ ≡ 1.49× 10−2
[
1 + (1 + zEQ/zLS)
−1/2
]
with zEQ and zLS are redshifts corresponding to matter-radiation equality and last scattering surface respectively
and k−2D ≡
[
2
5
∫ η
0 c
2
s
τγ
a dη
]
, is the Silk damping scale [25–27]. Here τγ is the mean free time for photon scattering and
“LS” stands for last scattering. The slight scale dependence of the primordial curvature perturbation is reflected here
via
PΦ0 ≡
α2V0
27pi2M2P
[
ln
(
a1M
−1
P
√
V0
3
η0
l
)]2
(4.6)
The results we have obtained may not be exact, but still qualitative behavior of the associated physical quantities
can be extracted from them very easily.
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FIG. 2: The total CMB angular power spectrum for adiabatic modes
To analyze the entire CMB angular power spectrum, we shall concentrate on Figure 2 which depicts its behavior
for the entire significant range of the multipoles (1 ≤ l ≤ 1500) and combines almost all the effects arising in CMB.
Figure 2 can be split into 3 regions: (i) 1 ≤ l ≤ 30 represents mainly Sachs-Wolfe effect, (ii) for 30 < l ≤ 100
we have considered the exact expression for the Bessel function in Eqn.(4.5) and finally (iii) for 100 < l ≤ 1500
large l limit of the Bessel function has been used for a rigorous calculation of the CMB spectrum. For the plots
we have used the transfer functions from [17] with appropriate modifications: T 0(x) = 1.20 + 0.09 ln
(
IΛl x
250
√
Ωm
)
and
6T (x) = 0.52− 0.21 ln
(
IΛl x
250
√
Ωm
)
; where the late time effects due to dark energy have been incorporated via IΛ which
is defined as IΛ ≡ 3
(
ΩΛ
ΩM
) 1
6
[∫ sinh−1√ΩΛ/ΩM
0
dx
(sinh x)2/3
]−1
.
In Figure 2 resulting from our analysis the first and the most prominent peak of the acoustic oscillation arises at
l ≈ 241 and at a height of ≈ 5900µK2. The first peak is followed by two nearly equal height peaks at l ≈ 533 and
791. After the third peak there is a damping tail in the oscillation with successive peaks with lower heights. This
happens due to considering Silk damping effect in our analysis, which is also consistent with CMB observations. So
mutated hilltop inflation conform well with the recent observations.
V. SUMMARY AND DISCUSSIONS
In this article we have studied quantum fluctuations and corresponding classical perturbations as well as allied
observational aspects by a semi-analytical treatment, based on mutated hilltop model of inflation. We have succeeded
in deriving analytical expressions for most of the observable parameters. An approximated expression for the fluctu-
ations in the gravitational fluctuations has also been successfully obtained using relativistic perturbations. We have
also obtained an expression for the scale dependent matter power spectrum, along with a negative running of the
corresponding spectral index which are in accord with recent observational demands. We have shown explicitly that
in mutated hilltop inflation the Sachs-Wolfe plateau is not strictly flat but is slightly tilted towards the larger multi-
poles. Moreover, we have also studied the baryon acoustic oscillation based on our model by carrying the analytical
framework as far as possible, which gives physical insight to the scenario and reduces numerical complications to a
great extent. Finally, we have employed certain simplistic numerical techniques and found that the positions of the
acoustic peaks conform well within the estimated values of different cosmological parameters.
Some comments on employing this semi-analytical treatment to mutated hilltop inflation model are in order. The
resulting CMB power spectrum as obtained from our analysis is quite consistent with what can be obtained from
direct numerical techniques via CAMB [16]. Of course, using more complicated numerical technique via Monte-Carlo
simulation like COSMOMC [28] will result in more accurate estimation of individual cosmological parameters but, at
a first go, this semi-analytical approach is more or less sufficient for extracting physics out of our typical model. In
future we would like to employ COSMOMC to our model as a complimentary techniques of extracting physics out of
mutated hilltop inflation model.
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